A W BN NN R A W SR amn S

AL

KN ‘84VM ABVYEIT HO3L

REPORT

LOAR CQPY: RETURM TG
AFWL (WLL2Y
KIRTLANR AEB M MBS

NASA CR-645

EQUATIONS FOR THERMOELASTIC

AND VISCOELASTIC
CYLINDRICAL SANDWICH SHELLS

Rnzyey

LAERNREIET T
Fa XA RN
by Wolfgang J. Oberndorfer A e
Prepared by . i /
UNIVERSITY OF CALIFORNIA o 0 ey
S
\Q\fj. IR

Berkeley, Calif.
for
* NATIONAL AERONAUTICS AND SPACE ADMINISTRATION o WASHINGTON, D. C. « NOVEMBER 1966




g

TECH LIBRARY KAFB, NM

LU L

0060233
NASA CR-645

EQUATIONS FOR THERMOELASTIC AND VISCOELASTIC
CYLINDRICAL SANDWICH SHELLS

By Wolfgang J. Oberndorfer

Distribution of this report is provided in the interest of
information exchange. Responsibility for the contents
resides in the author or organization that prepared it.

Prepared under Grant No. NsG-637 by
UNIVERSITY OF CALIFORNIA
Berkeley, Calif.
for

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

For sale by the Clearinghouse for Federal Scientific and Technical Information
Springfield, Virginia 22151 — Price $2.50



ABSTRACT

Equations governing small deformation of a cylindriéal éandwich Shell
are derived from the principle of Minimum Potential Energy. The facings are
thin orthotropic shells with different physical properties and thicknesses,
and a weak 6rthotropic core is considered. The effect of an arbitrary
temperature distribution is included. Two examples are presented: (1)
uniform heating of a finite segment of a shell of infinite extent (elastic
core) and (2) uniform heating of a shell of infinite extent (viscoelastic

core) supporting a ring load.
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1. Introduction

A recent survey by Habip [1] of developments in the analysis of sand-
wich structures, including shells, has disclosed that rather limited attention
has been paid to thermoelastic or viscoelastic shell problems.

Although the theory of sandwich structures is dated from at least 1940,
the temperature effect apparently was not considered until 1959. At that time
a paper by Bijlaard [2] was published; he assumed a constant temperature
gradient between the facings, found the equivalent moment and calculated
the corner forces for a simply supported rectangular plate, dealing only with
the gross magnitudes of the plate. No stress calculations and no constitutive
equations are shown. The usual Reissner sandwich plate assumptions were made,
taking into account the shear in the core and considering only small
deflections. Yao [3] considered a cylinder of 3 thin layers (all 3 considered
as membranes), the inner one having different elastic properties. Applying
the Cross iteration procedure he achieved compatibility of the displacements
between the layers and calculated the resulting deformations. Since moments
are not considered in this method it must be regarded as a very rough approxi-
mation.

Kendall et al., [4] proposed a method for predicting thermal response
in sandwich plates and a few additional refereces may be found in [1].

A treatment of the thermoelastic equations for sandwich plates appears
in the work of Chang and Ebcioglu {5]; assuming the Duhamel-Neumann stress-
strain law they derived differential equations for sandwich plates from the

principle of Minimum Potential Energy. Further assumptions are:



small deflections, facings are isotropic membranes, the orthotropic core
transfers only transverse shear stresses and is incompressible in the normal
direction. Chang's results of compression tests on sandwich plates with
facings kept at different femperatures are published in [6], but no math-
ematical treatment is attached. In [7] Ebcioglu repeated the equations of

[5] by means of the usual kinematic and equilibrium considerations but in-
cluded an arbitrary temperature distribution. He took into account transverse
normal strain and surface stress couples and arrived at a complete set of
equations for the thermoelastic behavior of a sandwich plate. In [8] the
abové theory was extended for large deflections and rotations. This paper
constitutes the most general treatment on sandwich plates available at present.
The following three papers dealing with plates were inaccessible to the
author: in [9] a general treatment of sandwich plates is given, and [10]

and [11)] deal with the thermoelastic vibrations of a sandwich plate.

A work of generality comparable to [8] for shells has not appeared.
The papers [12] by Grigoliuk, [13] by Vasitsina and [14] by Mushtari are on
the level of [5] and [7] but are limited to shallow shells with constant
transverse normal displacement in the core.

The viscoelastic behavior of a sandwich plate is treated for the
first time in [15]: from a generalized Hamilton's principle Chang obtained
the three differential equations of motion in the Laplace space; only
vibrations are studied, no load cases. The ordinary Reissner sandwich plate

assumptions are made together with small deflections,
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Yu [16] studied equations for the frequency of damped vibrations of a
sandwich plate in great. generality, without showing how the concept of visco-
elastic damping fits his assumption of perfect elastic materials.

Baylor [17] presented a general theory of anisotropic viscoelastic
sandwich shells in coordinate invariant tensor notation and took into account
kinematic refinements but limited to small deflections. As an example he
investigated the infinite circular cylinder with viscoelastic ore under a

rin

o Other than this examnle no treatment of sandwic
1 Other than no- treatment o sangvlig

............ ple,
a viscoelastic core could be found.
In Section 2 the principle of Minimum Potential Energy is used to
obtain the displacement equations of equilibrium for cylindrical shells.
The derivation follows the procedure given in [5] and the results are
presented as in [16], although the 3-term expansion for the transverse dis-
placement, the orthotropy of the material, and the inclusion of the temp-
erature gradient makes the variation more complicated. The core material
is allowed to be viscoelastic with temperature dependent material properties.
Only small deflections are considered; strains and rotations are small
compared with unity, and the following expressions for the displacements are

used:

w(x,8,2) = w(x,8) +2¢(x,6),
l(x,e,i) - \[0(,9) +2¥(x,9)7 (D

W (x,6,8) = WX,6) + 2y (X,6) + %3' X (x,8),



Surface loads and couples are also considered in the equilibrium equations.
The displacement assumption (1)3 generalizes the work reported in [12], [13],
[14] in the sense that core compressibility is permitted, although large
displacements are excluded.

In Section 3 examples show the deflection under a spatiel distribution
of temperature for a sandwich cylinder and the deflection under uniform
heating for a sandwich cylinder carrying a ringload. Solutions are obtained
by means of integral transforms and a viscoelastic core is considered in the
second example.

The principle of Minimum Potential Energy is needed in the sequel and
appears here for reference:

I= s”(‘z'_‘eljti_j +Sij°‘lk Tk TYAY —H‘T’; w. dA ,
v

S (2)

$1=0.
The first integral contains the strain energy in terms of the displacements
and temperature; variation with respect to the displacements yields the
displacement equations of equilibrium. The second integral consists of the

integral W1 over the surface and the integral W2 along the edge:

[ Fowann [[Budh o faed zymo;ds ®
| A
w, W,



Variation of W1 yields the load terms, variation of W2 the natural boundary

conditions for the shell stress resultants.

2. Equations for an Elastic C}lindrical Sandwich Shell
2.1) The contribution of the facings to the strain energy and to the
Euler equations
The shell facings are assumed to be in a state of generalized plane
stress. In this case the constitutive law for an orthotropic material [18] is:
r “ - - - -
T,‘ C—u C'r-:. C'Is o = o) éu
T €y € Co23 O o o €22
s | _ [¢ay Caz Cay @ O 2 €13
o - (4)
Taa o o o Cuy & 1€ 13
s 2 0 o 0 &5 o 2¢,,
_T""J | O o ()] o 0 cewJ _3-6,7_
where:
C,3=0
C-)_s=o
C33 =0
Cq\‘ =O
Csg =0
= E - (5)
C“-s '\;'V 5 C‘lz= 1Yz 5 Ca,— E.V
(=Y l-v,3, -V, V.
E. =
C’?.?.‘ ) C’bb-q .
\-V|VL



Introducing temperature change T through the Duhamel-Neumann con-

stitutive law, we have

{
€227 B, T2z '% Ty, +ola T, (6)

Accordingly, the stress-strain relations including the temperature strain for

an orthotropic material can be written

<, = -v“vz [(e..+ V, €22) (o(; +V au)T}

t'vvz

Tpa= ——— [(eu +VY é,.) ~(olq +V, o ) T] 7)

—CI?.= a& é|7_ .

Using the abbreviations (a ,+'V.,_o(,_) T=aT, )
E. Vs
and E v, (0(,_+')/‘a(‘)'r= ‘XT& ]
S
1

the expression for the strain energy per unit volume in generalized plane

stress becomes

{ . . . -
2 édﬁ* Tap +S¢.j dt/ﬁtJ?T= i’ - VVZ (Cu +&V, € €t
V. 9
2
+ LG €2



The strain-displacement relations in cylindrical coordinates are

€= U,y )

61,7,‘ & (1))5 ‘l’W) (9)

€™ J:L,‘ (‘U)x +2‘)L U‘)G) .

We denote all quantities of the upper facing by a prime and all quantities of
the lower facing by two primes. After having introduced (9) in (8) we obtain
the total strain energy of the facings by integrating over the thicknesses h'

and h", summing, and integrating over the surface:

! _.b_t € 2 i ! 1 [ ]
u.c- 2 {“'——-'V'y. [""')X +3-15_ u)x +OJ (v)g "H/J) -+
[} 2
(10)

’v.
+ ;arl_(d),, (v e+w) +2a'T W L, Q%% 2 a‘T,_ é—; vJ'awl)J

+ @r(.'U,;""Z‘J “Bo)zg .

L .« an
W= S i (ura' +u'%a) dxde

X=D )

Using (1), continuity of displacements at interfaces requires that

h
w=w+z @9 | fv'-‘u-!-%-ﬁ)w'z ‘*H'% ‘F*%")

(12)



Considering (10) and (12) we find from (11):
W= e'h' a'/ (u,x..._Q),‘) +Z1) (u x‘i'.- ) (
G- ’ "2 )
|

T \Z
l;.', %o -\--u.H--‘ﬁl 4[;-!—‘% )L)+v7- atZ (1;)0-1—%-%,9 +w+_".'. q,-\-%_ )(,)+

-Zd' T (u,x-i-,_d),x) Z '517( 9+h'xe+w+h¢+h )(..)]""

' a
+qh a[vx*‘h%x*— (u, e+—-¢,9)] e W % [(u,x+

(‘ vl. 'l

4’)() + 2 (ux--' ‘b,x) ..('UO ‘Le+w—%—q)+h )+ (13)

-h
Z
+-y.ll -'v‘ )
T a. (1)9 Zz X 9+w_.._q;+|n )L) Za" T, (u,x— ,x> +

S e bt o ] 6 £
{-x ——‘X—x-(—-.-(btg ¢)9)] go..clxde

This result agrees with the linearized expression given in [24] for a
homogeneous shell.

A short remark should be made on the displacement assumptions: the
2-term assumption for u and v enables us to include shear effects in the core
and- we are on the same level as Reissner's refined theory. The Kirchhoff-
Love assumption 4): --w,X and 7( = -W’G does not allow this refinement. The
3-term assumption for the transverse displacement enables us to study a
linear variation of the normal strain and introduces constitutive equations
for the transverse shear and normal stresses. The importance of this type

of transverse displacement assumption for sandwich shells has been mentioned

by Reissner [25].



The Euler equation associated with a typical variable u in the above

is:
gsu,w-B W,u L 3 we.=0 (14)
W s; X O"SQ e

Thus, we obtain seven partial differential equations (in part) by variatioms

of the strain energy (13) with respect to u,v,w,4),‘x,q; , and .. It is °

convenient to deflee “wt oy
A=t B U-YY) Tog=ar £ B0 0-9y) e
|z Eurﬂ—vqrsa 1, Eh,u_xmwﬂ ) b

sugw _.vlvl
Boa= Wty S0 U )

! n
o= %2 o7 e % "1

E"I\' (‘_-‘, "‘y ll) 11. ‘v'u (15)
C',L:Zz;i'y" E"lo\"(\"V'V) , E“L\"(‘-V‘v')
SR N I (Pl mr;;..)
LTER Y
= 20-%,)(E £t Gh)
Qh,—z_ 20 lvz)(ev Tw/ > —2=C .
to factor out Enf/&(h-HHQ) from all equations and to use the expansions:
| " (R <
EH'/.)Q. lz)a.' \ g o g 3+

After some lengthy computations and comparisons it was found that the
following procedure must be adopted in order to be able to reduce to Flugge's
differential equations of a homogeneous cylindrical shell:'52/4 must not be
neglected in comparison with 1 if it stands with u,v,w or their derivatives,
but it is neglected if it stands with ¢5“X or their derivatives. The
differential equations of a homogeneous cylindrical shell according to

Vlasov are obtained if t2/4 is neglected in comparison with 1 if it does



not stand with w. The Donnell accuracy will be reached by neglecting T /2

and T 2/4 compared with 1 consistently if it does not stand with w. Re-
taining the Flugge order of approximation the contributions of the facings
to the Euler equations are:

Sz -2 (4, +TA) Uy 'UH")Q. G- 0‘3 90 -(28, +G';)-\- Vyox - T(A,+

rERA)adxx -5 (Gr-%6) E 4,00 -3 (3B: +61.)’)L,xa -

(16)

$,= - (3B, +6) A Uyp - (A +EG2) Uyxx -[BC1 Z)C, -zC,_J &1:7'1)399

188, 46 ) Pyxe - % (6245 G)atxx -T(Ca-EC) L L oo - [0+ % ), - an

1 )
—ZCZ] a e +% ¢ 450 -TZQI: CIZ)Q + %’, T'.u,e
1
S ARiaU *Y_a(“'t}la)crtf_cz]alﬂ?,g +T B4y 41 (Cp-T ).
J 2
2K +&[(\+T—)C- 15,-_6,_]55_@ +t(C,_-%<,( .&((,Jf (18)

2
+ 5 O X -2 Ty

S4e - -z
¢= ~t(A45A) W -5 [+ 2)G, - 3G | 4 hee -S(amy

) 2 Ve -2 (A+E A)a gy -2 (e (19)

z) ¢ L
<
-7 (28, +C) F,ox ~TB;, 4 a.wox'-'s B,%x'-g Ba & Zpx +
'(’t(-r‘z'f' ’IZT“>‘)X

10



_5%=—%(28. 1-6'2_)2‘: U-,xe —32"-(&24-'—‘-6'.) xx-tL(‘+%?-)CZ+

2 (20)
. o S 4 L — r T o 7

C (¢ zcz)a X, 60 lc,_(wq )Ce EZC.J 6{1 W, et
SR ol S SR 3 . -

-2—- -~ z—""(, 4G, #’)9 - E— CJZ )'L)Q "'(E: hd ‘L’-’-.‘j

. 2 A
sz T BZ "é‘_‘ U.,x +t{(‘+%)C2—E2_’ C’(:IGJ?- v)e + :EZ.- Bl 4))x+
W (21)

+

+Z(6,-2C)E % +7~'L(‘+ ) G50 Y

cZ-FG)E R G —h T T

2
S = T v T ,r 10 T
- T B a W% + L [U +I )C 7 Cz_"a"z. ‘))9 + g" s, ?’;x"'
3 \
+ T £, - E j C T T e C : (22)
8’;(L VO")CE,‘. ;\‘+¢/C:"ZC*;%—+
T 4 i <*
"’ - - t ——
g (Ca Cley + S-a* o T 'zl

2.2) The Contribution of the Core to the Strain Energy and to the Euler
Equations

The core is assumed to transfer only transverse shear and normal

stresses. Upon setting the in-plane stresses equal to zero we have the

material constants

Gx = C4.4
Gy = C55
Ez = C33

11




and the constitutive law

t‘3= ZGX €|3’
Toa=2Gg €23 R (23)

Tiy = Bz (€33 "dcT) .

The strain energy per unit volume in the core can be written as

L/{..C_—Z,tL3GL3+8‘-JO(<.P-C 2[4(_;’ €,

(24)
+ HGg é223 +Eg (€13~ et T 633]
We draw the strain-displacement relations from [24]:
= z
é-|?>— 2 (Cb-&— Wyx +2 ‘l-’,x *'-2:—,: )L,x) ,
=1 +r—— (g +2 0 +Z —U-32 ]
AN bo +Z 20 -U-271) |,
€3, = ‘P-\—%X .
The total strain energy in the core is the integral over the volume:
<
Lok §85 3 Gulerwno e+ ) ol s
+ a.+a (-v +Wye *2 6 - %7"" S 9)] + & (q”
+zx—zo<;r)(<p+zx)23 (\+Z3&dxded2—=
(26)

L 0 Tan { (dr o+ T a4k +2 (o) (K dux+
)] G (- + 2O T [(p-x +

RN E - PN | A e T

- a'%_ (¥a +X>Tcl)+% Y (o ¢ +§.-Z>L—TL3))] o dxde



where these definitions were used in (26)

z w z 2
-!L ) _k’l_ - L“
z W 2
z W@
\«S oL Ta2de= T T

2
Variation of (26) with respect to the displacements, defining

D= Zérx\ﬂ (“-V."Vz') )

e'hn'
|

E= 126%9 h ("'14'u£) )

E'W
E= E'g_. b (\" 1)“'1)?_.)

E'W

'
and multiplying all equations by Z.(l-iﬂ'vﬁ) N

E'w

the contributions of the core to the Euler equations are found to be:

= ©

2y g, < \ .
L (A P R R R

7 S - .
Sw= D{_—H’)x + Wy - ‘t-i- Gf(‘l(; ¢y xx +t7()xx)_‘;‘ +EtrL-(l+.\c{) L.

a_l.
2
(w00 -0y0) + & (& $r96-F %,00) - & x,6]

S=D(& (wx+¢) + -l%z((p,x v & X.,x)]

2 . 2 ' _ 4
Sx=EL0+Tz) 32 (00 0) - (k4o - § 168 r b x|

= _DT* .
5«’— DTz’ (w)xX+¢>X+¢LP>Xx)—E f:g G\:;' ("u)e._(,o)ee_

_a"x’ o +a ) ZF L - ()] __C .L (Z) CZ
> pre0) + La.(‘/’ ) Tiar + )(,l

13
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(28)

(29)

(30)

(3D

(32)

(33)

(34)



Sy= -D I = (w,xx +d,x) -E T = a,_ (w, e - e +a‘)£)9)+
(35)

@)
aF (R T + 5 2 (¢ +ax-T9))

The Contribution of the External Work to the Euler Equatlons and
the Resulting Displacement Equations of FEquilibrium

2.3)

The variation of the work of the external forces on the cylindrical

boundary with respect to the displacements contributes the load terms

L4 4
-W,= S T u;&dxde Ti = pree.:crit.ped traction on the
x ° cylindrical surface
=0 =

In this case the prescribed tractions are the external loads that are applied

on the upper and lower facing. The work reads:

= =86 {Upk Cur §) +pe (VB 1) wph Llor g ¢ 12 0)).
. \+—)+h>"(u-‘-’l¢)+|39 ’U--—)L) 4-‘) " (w - hq;+
+_Bx>](\_'[/z> g&d)(de

We now define surface load resultants and surface couples in the following

(36)

manner:

e 43) +pc(1-3) = px ; Y_Px' (%) ‘Px"(“zz)]% =WMx ,

" (37)
P (HR)+pe (1-D)=Pe »  |pe(1+])-pa (-3)] % = W,

b (HE) 4 pt D) =P, | e (ME) - (1-3)) B =wmg -

1k



Upon introducing the symbols

2.(-y,) . 2U-VY'v}
) pra P, LX) g

and upon taking thé variation $VU1=0 we obtain the load terms:

- - L
"Px) Pe) PE)'O»MX s"ollMa)“lc'.,Mz,‘%—s D;__. (39)

On the next pages the final equations which follow by summing up (16)-(22),
(29)-(35) and (39) are given:
St BAFTA) U ¥+ EDG-3C, | & Woe +(3R+GE Vyye +
Ft(Ar3A) A bxx v 5 (Ge-%G) 2 die6 + 5 (38, 4G ) e + 1O
R, AW FTB P + T B oy =- Pt L (T + % T,y x
St (BB +G)E Uyxe + (Gi +F Q) Uyxx +3 [(WE)C, -5 C, -

-i\- vy60 + 11—( :‘37-*- G’z) ¢)X€ -‘-I-_I_ 66)7,4% C‘)a- %y xx +'C(C7_- %Cl)'

41
-OL- l,on +[&(|+%1')C.—‘CC1+ (‘*‘.%1) E] al:7_ w 5Y-) @u

-t*
. z CC .,_.Lg)_é: ¢et
+ T (Cite te)x,s - (145 )E DV +E 2 =-P +1 Taie

rl

ém: Dwyx + (% )Eal wye0 +DXT A pyx ~E Z

T = = $,06

2
D Xy +EX 3300 -8, & us -(aG+ZH ¢ -
-t 1—(|+ v - -
2 )E]oﬂ- »& (zB D)¢)X (3¢, _%7-c‘_ (42)

_E)-L 7.9 -LatEIC-5G ) Lo ~(&%2-3C) k¢ -

ST = -Py -Z Ty

5#’ I(A,,"’%A,) Wxx +F ‘.(H%L)Gz.‘ziéul Ja?— &9 + -'Lz‘
.(23;""1:) E.L..'U_)XO 4.‘?7'_7'- (,A|+ I‘R,Az)a ¢)KX +

15



+I'; (6~ 5G.) & dy00 +5 (2B, +G,) ¥oxe + (2B;-D)a& wyx + 2.
~ED) ¢y + T (E B -t D)o, - Dh = - F My +
+ T+ T ,x | (43)
Sxt 3 (AR, +G) Z Uy, + L (G+3G.) Vo +‘CY'(H—'£:) cl—%c,}o
* 5‘.'7- U, 68 +;cq_z CQB,*Cm) 453"9 “"ti Cet +'—‘2-C7;)a X, xx '\’EZ‘L :
c(G-EG) & Yes + Lel1HE)C, - ZC- (+E)e] e wWye +
_f(C —ECz+iE>-¢E N t/ (2 ¢ -3 E)%0 +

(44)
(\"f )Eaﬂ) ~ELx ""'L MQ“'&'CTzzQ
{ 7.
Sg: DE win B L wee +DEF a by +E 1'7: z ¥re8 -
B atox ~t L0+ EIR-53C-FE]l L v -F (B,-40D)-

© dx —Z (G S E)Exe L EYG -3 ¢ 1w -
(Zo-GarIF) L -5 (5 G +BEIX= —hM,- P
S LT -2F(TOL 3 )

SX,’ ‘D_,i Ji w)xx +E T2 tz w)og -Bl%“'i u)x _'Cl[g‘*- g’)q_
- 2a+bE]h e - (3R 4D 4 ~F (3G -F G- 2B
‘i z’)g -%L(‘+ﬁ>6.—1Cz]Hw~'%%(1 C‘l_"' (46)
1
- -%rcl“’@‘:) ¢ _-57. (Zz C'*H{F)Lz "‘ZP& 4—7-? =

@)
-tz F (T f%-r‘“)

16



These equations comprise a set of Flilgge-type equations for an orthotropic
sandwich cylinders with a weak core, in the presence of temperature gradients.
The displacement functions u,v,w, é , ¢ X , ¥ appear as unknowns. Further

specilizations appear in Section 3.

2.4) The Natural Boundary Conditions

2.4.1) The stress boundary conditions
The expression for the work W2 of the edge tractions in the variational
integral is a contour integral:
T w; ds
w =S(\-\-i A?.‘—%TL L
z %) (47)

Introducing the components of the traction and the expression for the dis-

placements (1) the work W2 becomes:

Z

Wz= (l'l"%)d%%(_(zuhx"' tal“e"'t»?:l\n%)(u-“"a 47) + (T—rzmx
-h

-4
+ Taale T ) (U+2%) | dg = S {[’_H (2 Ny +T5) ).

o)

'(,H'%)'*'\"t;l“ He*’ h" ('Cu“V\\(‘i"t'-z'.\nG )U-%)]L,g, + :
(48)
M Y_l'\ L-C" V)X ""ZZI 9) LH’L) \/\ (,-Cu Ny + .cll 14 9)

\-'%)] 47‘3 ade + \ ﬁ_“\ (T2 Ny ‘\-122-"‘9)4—\4131\/\%

+ h" (6" ny + T V\e)]v + h?. Y_\f\l (Tany + Taa ng) -

- Wiz Ny + y S Y\e)] x% dx
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We now define stress resultants in the usual manner:

NX)(: L\‘\' Ei) tn‘ \4t + (\'t‘{) tllh L,ll ’

Ng= (14 2) T+ (=P wih',

Negx = ta‘.l W + t‘.\l“ W' 9
Nge= N "57.}:.\"\ + Te W ’
3
Qx =_J Ty, Cl+2)de = bz "
t b N
Re = j T3z A2 - hziy ”

)
Myy = {_(ug\z,,'w (=B o] |

h
2
Myo = 4 [C1+ B zdh' - (g man),

\

Moy (za h'- t::”*“) R

h
3
Meg = \’——;'(‘[,7_'1\/\‘- -Cz:': L\") )

and arrive at an expression for Wz:

&

W, = S L(doxunyx +Nyghg + Qxngdoe + (MW + MxpWg)
[}

2
- $\ode + S [(Nexx + Nee g + Qe Wz) v+
o]

+ (Mexy + Mgpng) % | dx .
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Performing the variation with respect to the displacements, S W2 = 0 yields

the natural stress boundary conditions:
NNy +Nyg ng + Qung= %x '

Nex Ny + NQOV\G + QQV\2= §9 )

these quanities must be
prescribed at x=const.,

Mxx V\x + Mxe V\g = Qx ’ (51) @=const.

MexNy + Mgg ng =Rg.

2.4.2) The displacement boundary conditions
Displacement boundary conditions are obtained by variation of the
total external work on the shell with respect to the stress resultants. The

total work is W1+W2 and follows from (36) and (48):

A (L
W= §) So E‘thk-i- Wy b 4—p9°(1) +WgoX *Pi-(w'*'!gx-)"'

T My "P] adxds + S[,LNXXV]X '\'NKQV‘\Q + Q)(h%)w.\-
o (52)

L
+ LMxxwy + ng ﬂg) 4::]ad0 + & [_(DQXV')X+
(o)

+NopNs + Qo)L+ (Mexy +MeosNg) x]dx

After variation we have the displacement boundary conditions:

u"—‘u 5 &‘s 2 w'\'%’—X:a ”
(53)
v=P 2 =% ’ ¢=¢ .

(The bars indicate that the quantities must be prescribed in this manner.)
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2.5) The Stress-Displacement Relations

We substitute the strain-displacement relations (9),(12), and (25)

into the stress-strain relations (12) and (23), obtaining:

"V| ,x"‘ ¢,x)+a- 'Vz (’U,9+l;7,)9+ qJ-\—
PHOY e AT
-'Cz.—Gl (_’U -,,1,x +Q.(u,9+h<(>,9))

L E' v, \ z
Tu \-‘y,‘vz‘Tz,&-' « C’b,e+%z)9 +w+%4>+%— x,) +9'

e (Uyx "'h-,_ ¢,x> -(0(-._|+ Vv, o(,')T‘:l
T = T {_( 'hz_‘(’nc) + a\f" Yo" (v, ‘% Z,8 +w --‘%_ ¢+
* %lx) - (" " ") Th]

T'= Tl = G "['U)x ~% Zyx+di(We- 4 4’>°)] ’

w__EBY oy [ z
T = T —_\;?“7 [-4\\ (v,e -}7{ x%y® +L«o—%¢+% x)

F (=% D) - (ot + Wt du")T“] 9

Ta= Gx (P +wyx +2 dx "' X;x) ,

| t
Ty = C79 [’)L Y otz (w>9 + ELP’Q +_-E£ X, ~V-2 ’)L)] ’

Taa= Ea (9+ X — & T) .

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)



2.6) The Stress Resultant Displacement Relations

Inserting the stress—-displacement relations (54)-(62) in the

definitions for the stress resultant expressions (49); we obtain:

hl
M i {0 e 1B Co200) 11 [k Cansadid o o vl
+ -q- (Ao-byx +B, 71)— C(Tu+ 17_1'[,_)% , (63)
w
l ]
Nex —vL:v [g' C'D X +au 6) +3 Z C"A:u')s + ¢,S +Gs'¥-)x>+-t£— : (65)

. 92—‘('5_‘*)5- 4’)6)] .

W
Neg= it‘v‘ %{_B Wyy +C, a(‘b 9"'“’)]*-1[,31&47” +C7_(q¢ X
c4-Lye -l «FC C(§ %= %o -+ Lot )_Ta‘g, (66)
Myg=_ E'W'ly N
M EYEEIEV)) {[A Ux +B, &(169""*’)] +Z A, (uyx v byx) +
B e ) )+ E (A e rBa S X )= (T 43 T & 5 (67
EM" ‘_G’ v = + o+ X A
xe™ Q.(\"V‘Vz) —%(. x+ cLM)(9>+ Vyx 4’) )K)"" J&’l,x-‘)q(es)

E'w'h Gy
e &0~ "’V')Y' (vprrs )+ G (-due +d,8 vaTx) s (69)

- 22 (& we-dy0)],
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Mgg= =22 g;ti:‘.vz.) %LBqux +Co & ’U,d*-co)_] +% [B‘QQ’,‘_‘_C‘ Cx,o+

4 -0 )|+ F C—L(,_x Yo - ¢+ LaStew) 'E.z%, (70)

Q Gx [L#“' w_,x) 'l" CQ $yx + —- x)x)} 9

(71)
Qe = Goh [(7“ N e ) *'?'; -8 +3 0« b-o’—-sc:l))} s  (72)
N-;“" Sta‘sdi‘= Bah ¢ ¢=T%) ?
Ng = %\' S’C‘ss?éi" E*\"(%ax-Tm) ? (73)

- _ ™
'\’%u)‘ %zyzssilaig Eah (‘P"'T )

Equations (63)-(73) constitute the set of stress variables for the shell.

2.7) The Equilibrium Equations

The equilibrium conditions can be found by variation of the comple-
mentary energy with respect to the displacements. For linear materials the
complementary energy is equal to the strain energy expressed in terms of
stress resultants times displacements., The stress-resultant displacement
relations are introduced as Lagrange multipliers. The procedure follows

that described in [28].
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2.7.1) The contribution of the facings to the equilibrium equations
U= % (f LL‘;—(H%) (€n Ty +26]2 T2 +€52T22 )+ -"-;—“ 0-:2Xe't" v To +
Y- ‘c:,,)]adxc\e - 'ng“_s%_‘ (1+%) S(U\,x +4 d,x ) +4{un + Zxe
2 (o2 d](ti+Ta) +3 (v,e+4 72,0 +w+l ¢ +_\g;¢)zz‘;§+
+ ‘%“ U‘%)i(. Uyx '%t{’,x) T +% [vx- Y %+ (u,0 '% 4’.:9)] .

‘(T + T Y+ 2 (V0 -4 2,0 +o-b q1+%1x..)fz'z§] c.dxde

We now express (74) in terms of stress resultants times displacements using
the relations (63)~(70). The sub-bars of the Lagrange multipliers indicate
that the stress resultants are to be expressed in terms of displacements and
that the temperature terms must be doubled since they are not multiplied by
1/2 in the expression for the strain energy in (8). Thus, the strain energy

plus the Lagrange multipliers reads:
U.;_= —‘Z.-Uj ‘_Nxx Uyx + Myy @x +Nxg Uy x +MypXx+

Y2 NexWso + & Mox 4, 6 + L Neo (vy0emwe

* %’ofy_) + & Meg( et P) | a dxde + (7o
M (Ngx = Nx) * Mz (Nxs -Nyg) + s (f:)ﬂ_
~Nox) +py (Nop=Mo6) + hs(Muy — M)

+/A¢,(N‘_x9 — Mxs) My (Mox - Mox) +

*)-A«(Meg; — Mps) } .

2>



Performing the variation and allowing the Lagrange multipliers to assume the

values

= /.A;‘U,ﬂ ) /ug= $>x ) /‘7‘ 4).:9 >

(76)
M= Uk, MPa= Ve rw+ %’Laix J/JG"’AX Yl Y

we obtain the seven contributions to the equilibrium conditions:

. 4
Sv —ng)x— aNee,e >

(78)
Sw‘ bL- N99 ) (79)
.- -4
S¢: - Muy -2 Moy ) (80)
$x* —Mxo,x - = Mgo,8 1)
.4
$¢° aMos ) (82)
i
$x.: = N .
Tow e (83)
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2.7.2) The contribution of the core
In view of the weak core assumption, the first equilibrium equation

for the core requires:

3 z =
sz |+ Z)Ta|=0, (84)
and recalling the definition for the shear resultant we find:
o @ 1
'3 bW Wi - (85)

Similarly, the second equilibrium equation for the core is

p. z

L2 2>

ga(_("fz) T | <0, (86)
This enables us to write the shear stress in terms of the shear resultant:

z-‘l-
= Qe \- =

h 2\ ) (87)
(‘*'a)

(see [20]). The entire complementary energy in the core is in accordance

with (24)

Uc*"i f(g{rts(‘#*' W, x +2 ¢,x +—22—Z x,x)+ Qs(‘){,-t-

(88)
-I:;-(wo—v+e¢,9 -2 L+ Z 19)]+t33(‘f ’

+zr.)§ (tE)adxdeds = 4 m {Qluww,x ¥
+2 P + 2 X,x) + ‘99 G-%)0x@-2% +3% =) +

+ 3 (w,9 -1 +2 ¢,0 -az v 22 X,0)( - £ _]4_-533[_(y+
+(Een)z + %_%22]% a dxd s da,
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As before, we integrate over the thickness of the shell and include the

Lagrange multipliers:

We=% “ i Qx{(¢ +w\x8+%—%zx

PEaV4

\
-V)(I+E) - (e -, |z+ zxa" -_%z] + N’éu)q’ + '.Qc' Ng) (89)
(&)
o (@) 4T, xz(ou:lxde 5] e (O = @ +u0(@e - O
bx \42 -4p)+

Variation with respect to the displacements gives the values of the Lagrange

multipliers
Ba= O+, o Uy= ¢ ’
/ = 1 R 4 /
' (90)
T
o= X x (wyo-v)y M= F(gt+ax) , e -T;; ax
and the contribution of the core to the equilibrium conditions:
Sw: T O
- ? (91)
S0 —xQ
v o. & 9 (92)
Sw? _Q")x—a.QQBg
(93)
S¢= Qx ) (94)



Sy '
Qe (95)

; 14 @ 2)

Sei -5 Qux +E Qoo + NP+ END (96)
. _Lz- z'7.

Sx <5 Qux -5 7 Qe +END D, @D

2.7.3) The contribution of the external loads and the resulting
equilibrium equations

Following the same procedure as in Sectidn 2.3 we obtain the load terms

as in (39):

- - - - - 2
Px) PG, PEJ M¥) MO) _Mi)_? Pi’ o (98)

Summing up the contributions (77)-(83), (91)-(97) and (98) yields the complete

equilibrium eguations for a cylindrical sandwich shell:

Nxx‘x +i No,)g + Px = ’ (99)
Nug,x +a Negp + & Qo +ps =0 (100)
Qu,x r& Qo_,o - £Ng*pPa=0 , - (101)
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L
Moy +a Moy - &y + wmy=0 9 (102)

Moy +3 Moo - Qo +wg= O, (103)

o -1t
5 & Qx,x & Qo0 - Mgg - Né"-% N%a) +wig=0

9 (104)
2 2 et 4 () 2 L%) 3
5 Qux +5 50a0 -3 ZNoo-F 4 N, AN+ T =0, aow

Note that we find seven equilibrium equations in our problem although only
five normally would be expected (the sixth one concerning rotation about the
z-axis is satisfied identically). Indeed equations (99)-(103) are the five
usual equilibrium equations. (104) and (105) result from variation of the
strain energy with respect to the linear and quadratic term in the expansion
for the transversal deflection wyand these two equations represent the linear
and the quadratic change of the forces in z-direction when proceeding from one
facing to the other through the shell. If we assume incompressibility of

the shell in the z-direction, then the above system of equations reduces

to that in [20] in the case of a small deformation of a homogeneous cylindrical
shell. As will be seen in the sequel, an analogy exists between the equations
for a class of sandwich shells and those for a homogeneous shell, provided

proper definitions of the stress resultants are introduced.
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The correctness of the above equations was checked by substituting
(63)-(73) in the stress equilibrium equations (99)-(105). The resulting dis-
placement equations of equilibrium agreed with (40)~(46) except in terms of
higher order in the last two equations. This is due to the fact that the
core equilibrium equation is contained in (104) and (105), giving an equation
for the shear resultant, while the other stress resultants are pure definitions.
This is of course an inconsistency in the theory that cannot be avoided.

Since the differences are only in the higher prder terms, no importance is
attached to this peculiarity.

In concluding this section it should be noted that a single application
of the Hellinger-Reissner variational theorem could have been employed to
obtain the stress resultant equations of equilibrium and the stress resultant-
displacement equations, although this procedure produces displacement-stress
resultant equations and stress resultant equilibrium equations; hence further

algebra is required to obtain results presented here.

3. Applications of The Theory

The purpose of this section is to illustrate how the equations obtained
in Section 2 reduce to well-known results for special cases. In addition,
examples are given which illustrate the use of the equations in order to
study viscoelastic effects in the core, as well as temperature effects in an

elastic sandwich shell.



3.1) The Equations for a Homogeneous Cylinder under the Kirchhoff-Love
Assumption

For a shell whose material is isotropic and with facings that are
similar, the-following spécializations are introduced. All constants with
the index 2 are set equal to zero (Eq. (15) ). Shear effects are neglected
(all terms containing the core shear modulus are discarded). The material
is assumed to be incompressible in the transverse direction (set ¢ = 9]

and X = (). With these samplifications equations (40)-(44) become:

2 1 L €2
ZA.“>}x + ()G, e Us08 + (28, +G) 2 Vyxe AR O - %Zq' é b 00t

N (106)
+ Wrwy=-K+2(Tu+%) Tiz,x ’
(38,+6, )'GE“)DX 4‘6:"’»9( +Q_(|+E'HZ') C|i‘l- Vyoo + ._cl_‘?&lq Eyxx —EZ—Z-C“
.+ Ty L (107)
a 1)09+Q~C| (“\’ “) asze =_P9 1—%: T&I)Q )
2
-28, & Wyxx - QU*E;) clé’- Vo + 5 Caz Wyp “;L(H%z)’
P (108)
Caaﬁ-hﬁ" "F; -'§i73| ’
:L_’Z T 4 Tz (2
- 4 = -4
5 Q@ %6 a My + "('ﬁz+-'fz'l'.,),x 9
z? 1
7 QVxx -5 CarVyes +% (2B,+6,) Gy +Z Gga w110

12 -z 4



Equations (45) and (46) vanish.

Al=C.=Z ,

For isotropic similar facings we find

_ru"” T;.I = (\+'V)0(T-m,
, Tio= T2z = (1+v) o AT
G =20-v), 2B+ G = 2 U+y) .

The Love-Kirchhoff assumption for displacements implies that

B‘=ZV

¢--w)x ) (111
= "‘lo: (.“-%9—'“) :

In view of (111) the Euler equations (14) also have to be changed.

From [18]
setting the variation of the integral

£ ([ ot e e ) e dede

equal to zero is equivalent to

R} 2 \N%& B
Fyw - 33; F tx —t 36 F’“’°+§}z‘:,“ ra —QS Flaet L3

which now replaces (14) and succeeding variations with respect to displacement

variables 4> and X

In our case the Euler equations can be obtained by
combination of

(106)
(107) + (110)

(108) +a (109),x + (110),6
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Multiplying (106)-(110) by a2/4 we get, after some computation, the equations:

2 \-v
G W,xx + z U,e0 +Ya. wW,x + ma.v,x +t ( u,ee a~ w)m"'

2
- e 2 (112)
\+y t?
7 ®U,xp + Vy00 +! i Y oZ V,xx + 09)9 + [—3—_— (\-v) OLZ'U,xx'
_3-v 2 a? (113)
5~ G w_,xxa]= 9 +(|+'V) d-a (T’m"" AT) )0

2
T - 3 V4t
Vo U,y +V6 +w+ T ( "‘2}' G Lw,xee ~-o W, xxx — §——Ya. 'U,xxe"'

A
+a W, yx xx +2a? W,xxee + W,ge06 +Zw,pp .,.w)___ g_.z P+ 1)
q =
2
O a T
T Mxx + g Me,6 - (+y) & [ (AT-&-:C?-_- Tomdyxx +
+ t-:z—_- AT.) 66 — T’MA ‘S

If we define an extensional stiffness D and a bending stiffness K

o= ,ZEDL‘I : Y= E.quz
\-v2 Z (\-v?2)
and if we consider that 5__ =k = E_z , and 9_;2 P = a'). P ,
azp q 4 - T

then we find complete agreement with the homogeneous shell equations in [19],
pg. 471. 1In addition our equations contain surface couples and allow an
arbitrary temperature distribution. We see again that the equations of an

homogeneous shell and of an isotropic sandwich shell are identical under proper
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definitions of the stiffnesses. It is understood that ¥ iz the Poisson's
Ratio of the facings; therefore the prime is omitted. The stress-resultant
displacement relations also agree with those given in [19], pg. 469/70 Eq.

(1195):

= Q,E..h. “\ 2 4
Ny 1ot [:U)x tx (’U,O"'w)-q AW, xx + l—%— A(Tm+ 5 AT)J 9 (115)

Nxo= :Z.C'[w\l [( ’U)X +é-,u) 9) - :%3 Lw_))‘a - )X)] 9

(116)
YA L z S
Nox=26"h [('U)X +E%e) + T (“’V‘B & a’Q)J 7 (117)
Ngg= 16%2 [l (0,0 +W)+Y Wy + T L+
- a e DX - Cw)ee +UO) + - OLT'\M] 3 (118)

E'nh’ 4 _ W
-v? C‘-[;(“’”‘ awsks) - % (wy60-Vys) + l'-",%’ ok(AT+%_Tw)] . (19

q o2
Mxo‘ G'h'h 'é: (-w,9x+'v,x> . (120)

'
Me&(‘ G'hh‘-é-. (-w’gx +12' ’v)x -5!;- '*>9> "

(121)
Meel E‘\/\‘l’\z n L \ y _
au_-vl) oo —a<w)99 ‘H.Q) Yo w’u + —+;L—' d~A \] . (122)
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3.2) The Sandwich Plate Equation According to Reissner's Refined Theory

Assuming that the facings are similar and the material is isotropic,

uations (40)-(44) as follows:

a9=y, (P=0, t=0,
1/a = O X=0.

Since we again assume the sandwich structure to be incompressible in the

transverse direction, (45) and (46) vanish. Hence

2A Uyxx + G U,y + (2B, "'Gl')'u)xy =-B +2ZTu,x (123)
(18""6«{.) u)xy +G(|'U)xx +‘9~C, ’U)yy - —PY +O~Tg_|)\( ? (124)
Dw,xx +Ewyyy + D gy +EYy= -¥ . (125)

WA by + 2 G Gyyy +4 (3B +G) A xy -2 -2 Db
> z SAAECR. XY " Dk ~ & P b= (126)

= -—% My + 2Tiz,x 9

h
2 (3B+Q) gy +4 G, Aux ¢ Xyyy ~F Ew,y "%E’X‘ (127)
= "'%ﬁ AAY 4-€L-512)Y .
We introduce the constants as on.pg. 19 and additionally set

Gl
E\\,‘( ‘

D=E= 2 (1-v?)

Bl



As a result we find two equations describing the in-plane behavior of the

plate:

2 w,xx + (=M Uy gy + Q) U,y = - B +2( 14+t Towa,x o (128)
. . PR A Wt _ o .V S\, T
(V) Uyxy + (=) VUyxx + 8 Vyyy = =Py FI+Y ) T,y - (129)

and after lengthy manipulations the governing differential equation for the

transverse deflection:

Vo= 2072 Wiy e o — Bt o2 vy o2
E'h'he (PE X% tMyyy mcv Pi)—_h_ VAT . (130)

This equation agrees with Resinner's linearized Eq. (70) in [26], with

s Eq. (33) in [27] and the temp-

Reissner's Eq. (79) in [25], with Cheng
erature term agrees with Melan-Parkus' Eqn. VII, 9 in [21]. The inclusion
of the surface couples and of the temperature terms is new and makes the

Eth'h

equation more general. The expression _— is the ratio of bending

2~y G

stiffness to shear stiffness. By inspection we see that (130) agrees with

the classical plate equation in two cases: (1) if the shear stiffness is
infinite (implying the Love-Kirchhoff assumption) (2) if the Laplace operator
of the external load vanishes. For a circular plate with a central hole

under a uniform shear load at the inner edge (meaning Vzpa-CJ ) it can be
shown that the stress resultants agree with those of the classical theory but

the deflections do not, being dependent on the ratio of bending stiffness to
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shear stiffness and hole diameter to plate thickness as well. This result is
interesting since one might expect the entire solution to agree with classical
theory for this case. In [34] Kao investigated a circular sandwich plate
under a linearly varying load and obtained similar results but he did not draw
any further conclusions:

A set of ten stress-resultant displacement equations belong to (128)-
(130) but are omitted as they can be derived from (63)-(72) easily.

3.3) The Plane Strain Problem for a Cylindrical Shell under Axisymmetric
Load and Temperature Distribution

Consider an orthotropic sandwich cylinder under a state of plane strain

in the 6z-plane. We set:

P}

_a_a_ ¢=O, PD("O9

!
o
¢

]

v

%;'=O 2 ®=0 ’ 1=0 9 Md-’—'o 2

We arrive at a set of three algebraic equations for the unknown displacement
components w, 4) , and Y_ . A solution is found easily by the determinant
rule and the stresses follow from the stress displacement relations. From

(42), (45), and (46) can be derived: (the other equations vanish identically)

Z
[a(l+§—)c\- Glhwie (-2 ¢)t ¢ +£43 Cix= (131)

= ‘PE +%:Ta.l ’
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(-3 ¢) Lo +[T (-BaweFlh v + 2 (3c,+ ZF)x-

= Jd_ ME +i[tT1.z+ &F(Td)-i—TLZ)%)] , (132)

[(H Cl]a_zw +'c{_7- (C-3C) +% F} <p+'c('§,—6-7-'C‘ +

(133)
+ z/5!:))¢_= TP b Tas ET.F(TLZ)+3§T">> .

3.4) Axisymmetric Problems for a Cylindrical Sandwich Shell with a
Viscoelastic Core

In the interest of algebraic simplicity we assume isotropic similar
facings, an isotropic core, and axisymmetric loads (mechanical and thermal).

From (40), (42), (43), (45), and (46) we obtain (the other equations vanish):

i
qu)xx +tzo. ¢)KX +q'v aw,y 1-% t"a_ x}x = _px -+

. (134)
FALUVA (Tm+TAT)
Duwo,xy "'DE'Z a(Pyxx + & S Xyxy) - 4 & Uy +D4S>x-‘{(l+ )& ( 35)
1
x-St = =P & (HV)d Taw
Tt (gt @ dyxy) =D& (W, + )+ T Pyy -%:L DY,y *
(136)
« 2 Xyx) =~ = My* (HV)AT (AT+ :%Tw)) ¥
T Doy +
Tz yxy Oy +4’.)x) vty +2? &‘C?-‘O - (LLZ' +;u:) <
(137)

%
-% Fu= -3 Ma-2 [t(|+‘v)ocAT+ QF(-("\‘_z/‘*TC?-))] _
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zq D(w)"‘l +$) =% F VEWx - %Z(H‘tf)a?—w + —7/3 F>

-3 (138)

- -x: T ;
(& 429= =% P - R [e(#9)d Tt 2R (T4 7))
In order to study viscoelastic effects (limited to the core) we have to replace
the constitutive equations for the core by other equations that describe the
viscoelastic behavior. We utilize the integral constitutive law which is

derived from Boltzmann's superpbsition principle:

* 3
3= ) Gelet) o gy

0
€ \
T ) G, (b-1) =2 M
23 é '§_.t. ? (139)

(“e. ety £ (€a3= % T) St

o

a3

We then apply the Laplace transform for the time coordinate. By observing the
Laplace transform of a convolution integral we find the Laplace transform of

Dw,
xx

I~ 9]

b (o
EF _S € ’ dt SG‘&:F) éél—:l,xx dt'= PD*N’;’“ ’
o -

where at rest initial conditions are assumed. Thus all products of core
modulus times displacement are convolution integrals. Denoting the Laplace

transform of a quantity by an asterisk,as above,the five partial differential
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equations of equilibrium in Laplace space are:

G +% @ et (do 4% 00 ) == B +204Y) & (T +5 ATo) ,

(140)
»
D™ [uiiw + 40 + = 2 alnx +5 X)) “(_ﬂ Uyx + (145 )a*w*]
v (R* o4y =- PL - % (+v)o T, o
-ph* ('“_(,w)x + %) + (,tp,x +3 )L,,‘)]-ﬂ (_u)xy. +c~¢,xx +'U(21x)"
B ME () (AT 45 T o

M)X) ?

M7/ * L 3
PO T%‘Z(“’:"""’%x +0~4;;x -t (vd i —izw*#‘z;ﬂ*) -2pF%

CGPE ) =AM - [rle)a AT wap T 1] 490

34 P (w_,xu +¢,g) -y LVu,x+(l+t -g;w* - %"(«:*-ax*):]'

F*.ch,*_‘xﬂ -L p% _ %[i(l-w)x me_t
-\.PF*(‘(’ (1,) +:%.-I-C3)*)]

(144)
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In order to obtain equations that can be handled without excessive numerical

work we drop (143) and (144), implying incompressibility of the shell in the

transverse direction. We then tried to find a single gbverning differential

equation which could be used to study various effects on the cylinder. The

following steps were undertaken:

2
a) All terms of order T, were dropped. This meant that all bending terms

were eliminated and that only uniform heating or uniformly distributed

loads could have been studied.

b) The Kirchhoff-

Love assumption was made: ¢ ==—w,x. This meant that all

terms containing the core shear stiffness vanished. No viscoelastic

effects could
¢) The shell was
the governing
under d), but
d) No terms were

obtained by a

have been studied.

assumed to be restrained in x-direction. It was found that
differential equation was not simpler than that one obtained
much less general.

dropped at all. The governing differential equation was

procedure to be shown subsequently. The manipulation

{(pD* +—Ll*v)7cz-§3< -4y p D* deg.(‘.*l) +

" iq[t‘(\-%l)a%% -pD* é]% . (143) +

* § -4)(pD* +veY %X % . (1)



yields the governing differential equation for a cylindrical sandwich shell
with axisymmetric load and temperature distribution and including viscoelastic

shear effects in the core:

P2 X unx + 2 LpD ¥ -20-v9) 2¥aw Y +4 pD¥ (1124 82).

v Ew* = (=% Pagn +pD*a P ) rali+v)ua [ (1-9)(pD* T * -

(145)
* * 2 2 *
- Ta T -pD¥*z (vAT" +a? (- 5) AT xx)] )
In addition there results
<t Wy xxxx +1\-_‘v— ﬂ‘_'_w]-;"—a.zw)xx +4 (,""Y"i—"z)w -
- ("t att ‘txx +a2Py )+ Q~U+'V)d"\[("v> (Tan-% xx>" (146)

—Z (VAT +a2 (-S4) B Toxx )] .

Equation (146) is the differential equation for an elastic shell with elastic
core and can be checked in the following manner:

The equations (112) and (113) are in the case of axisymmetry:

2 et 2
A7 Uy xx ¥V0 Wyx = @R 0= G (1)d (T + AT ¢ (147)

2 2 2 z
Ve thox 4l = F e tyuxx + 5 @t wpsa tH o=

=%’_‘pt —au) o fa*E (ATH Z Tu)yxy _Tw]

By performing the operation

aft,_ (-%S C147) dx +E;a§—x (\ug) ) ,

(148)
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and by letting the shear modulus approach infinity (D-» e ) in (146) we find
2
two identical equations. The term w, is small compared with a qx and
XX XXX
9 .
w/azt' and can be neglected. This leads to the well known differential
equation for axisymmetric deformation of a cylindrical shell and solutions are
of the same type as the solutions for a beam on elastic foundation.

3.5) Example: Spatial Distribution of Temperature in an Elastic
Sandwich Cylinder (elastic core)

As an example consider an isotropic elastic sandwich shell with
temperature independent material properties.

Equation (146) is used to study the effect of heating the shell along a
distance ZaT. The temperature is assumed to be uniform through the thickness
and no external loads are considered. The integral transform technique is
used to solve the differential equation, in particular the Fourier transform.
Regularity'requirements are satisfied as w and all its derivatives vanish for
x approaching infinity. Upon setting: Pz =0, T=0, Tm = T' we obtain
from (146):

Da® T xuxx + L [ DV -20-9) ) 222wy FAD (Y2 E5 )4 o=

=2 (1+v)d [(l-v)(D T' -<%a T xx)] . (149)

The Fourier transform of the temperature distribution is: (see Fig. 3)

?-T' Q2 mim (sa)
<

L2



P
where ¢ ) denotes the Fourier transform defined by

o .
AR S wixd e ™ dx .
-0

The expression for the radial deflection in the transform space is:

B _20-¥)aT (D-T2a2 5D & alu (28 (1503
R S_thaﬁ s4_-alDy -Q(\—v"-)] 2524 UD (-2 +"§;)-C‘;25
By defining a dimensionless coordinate
M=sa 5 A= GE
we can rewrite (150):
-1 2 D
a* D A 2-vH ) 2 12
o - aly- 2 op e 2

The denominator that is needed to find the inverse transform is of the form:

W= BmZ+C = CV]Z-B‘L)(‘*f*Sz) 9

where

_ all-vE - (-2

WoL(B+ifTemr) , S==4(B-tac-Bz).
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The deflection is found by taking the inverse transform

o T (152)

\ o0 -
= _ H(=-») T [ o (Av) (m*- 1:1-) c(Em)d
. DT M (¥ (M 24 §2) n°

The expression I is rewritten as

4 _ _\___{uz- Yar) eim o) (8% + %) min () (153
=+ (=L w)?) M (2 +57) :

A
The inverse transform of 1 must be found separately for x > aT and x < aT.

Using [23], pg. 19 and auxiliary quantities ®

¢ - U V i -B

—Z%I- = _EDC_ { Exp[-%(%"\>mé] m[(‘jg(}}__)\)m%] -~
- :xp[\[_ (£+% W%’] 6«00[\/_'( +>\)Coa-g]g +

+ @ D-alr?

aCt*\Lc-r»2 {EXP E‘{Z (%(L'A)W-é;, M[QZ (.é;-)‘)%%]-
B R A ETEVNSES PR | 1 E+Yen g )] .

(154)
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The solution for x > a, is given by

T
w/a {-v*

S - {-'i(exp[.m—r;g -] wofsVai@rs (2-4)] -

-er|-4fae e (2] esfilarzeE (-gg.n)]) P -B
VAC-RZ
. (ex?["‘ih\f‘--B (‘é-k)] @M[Ji\i ac+R (_é_)“)l _ (155)

el R ) i [5Varz+B "é+>~)])} )

and at the origin: (x=0)

W /e [-v?2
VEL = _tTZ. [J—Z (l— ExP[—“&‘{Z-B ‘A_] C,UQ,[_‘J AT +R /\]) +
(156)
cer_ B .
T3 2 (-Ex?[—‘{am -R >~] o Vo + B >])§ .
Vac-r2
It can be noted that the solution damps out for x =00 . Similarly an inverse
transform is found for x <« aT:
I D :
. -2 { - 4 (e [HE () i) e B coo 8] +
el 0D A g] el OB e )] +
B (157)

{EXP{_—JZ (M%) oln -‘-%] YOO [‘\'}C A+ X) c,m_%_] +

+ E_XP"-‘J_C ()L—é.)w@%] wf‘@ O\'%Jw% ]% ?
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with the solution
RO T s .
2 = w14 (o HTET e8] co[s@ROAD] +
s eelafER-m -8 enfifzre (-0])] - § - &

VEC-Re

/E__('_;\r::':—,- X\ - oromeTT s wyz]) (158)
\ AP|~2Yaic-B LA,*O.)JML-?VQE.;.B (l_-\-i)_( +
seettfare O-4)) en[4 2w (A-gs_)]fg .
The value of (158) at the origin,
.ﬁ/_‘“.l. = vt Ly exe{-{5e -5 M) e\
LT =C L=\ e 1 en{ale+B A])-
(159)
g % (Exp[- AT 1] am[BiE + A )] )
agrees with (156). For A-» o0 , corresponding to uniform heating of the
shell, we obtain from (159)
QaTo C<* % - (160)
The same solution can bé obtained from (145) if we drop all derivatives:
4o (\-v2+2) L w= 20y udT
9 (1-v?) oT'a ' w2 (161)
we BUDLTE _ gura L2
4=y +T) Cx

n6



On the other hand (131) yields a different result since we assumed plane
straein. In that case:
() & T'o

w= > -, : (162)
-c?—
o+ S

The deflections represented by (155) and (158) are plotted under the assumptions:

A=l , T=lso v=03  D=|

Computation of the quantities

2
B--3.04 , fac -a =1310 , .'c—% - 0.249997
2
c= aiol , ‘{zr‘?ré=13,q;z ,_'_-V_z_%—% = 0.002178
: J

Cz? vﬁf

leads to the table of the w/2a & T' values below (see also Fig. 4):

0 0.1 0.3 0.5 0.7 0.9 1.0 1.1 1.2 1.5 2.0
x/a |
;/aT‘ 0.2498|0.2497 (0.2498 |0.2546 |0.2578 10.2016|0.1250]|0.0484|0.0057|0.0038}0.0001

The value of the deflection for N »00 is given by:

W/ |4 | (163)
QaT! — Cz2 A .
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We now consider response due to 2 temperature at the origin. From (158) we

have the expression

/¢ -2
=52 [O—we*z (7% 5 2] coe [4VaTETE 1))

Cc*_ B (164)
- o Z V V
which vanishes for X== clearly because the heated length is set equal to

zero. If we wish to examine ring heating of the cylinder we have to perform
a limiting process. We assume that the temperature does not increase ad

infinitum at the origin; thus

T2

const. T,

d \ = | T - ‘
an L;:'OT T, D)= l;‘\y:o _}‘3 TN =T [,{"_To 'I.O;..D

Furthermore, observing that

Lim  sh(-itxed) _ _. - sh(1$)
A0 ~ v, l;fvl‘,_o __X__=S,

A
we obtain the inverse transform of I:

- . q
- -'_él_zz c EXPY_-‘\?Zi wé—]‘lm‘_ﬁ -\C %m!{

+LCEXP[FXM¢} 20l % \T & wd]

and the solution for ring heating of the shell:

Wy _ 2 ) 4
gt = s (€ ek (awE £) {\M%,Bz
. welg -Lase X ] Dt:z e K s a\)Z+B ]g (165)
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The deflection at the origin is:

T?e
B GV T
QLT <2 ¢ . (166)

-8

Evaluation of (165) leads to the table of values of w/2a o To below (see also

Fig. 5):

X

a 0 0.1 0.2 0.4
w/a

2 X To 1.674 1.223 0.522 -0.062

3.6) Example: Uniform Heating of a Cylindrical Sandwich Shell With
a Ringload at the Origin (Viscoelastic Core)

We consider a shell with a viscoelastic core whose temperature de-
pendence is that of a thermorheologically simple material.

The study of temperature effects in viscoelastic materials makes
sense only when we take into account the temperature influence on material
properties. The following treatment is drawn from references [29] - [33]

and a solution found in a manner similar to [17]. We start from (145):

Da*z? w mexx + QED“V" SR U"VZ)]'cza‘. wyxx + 4 D(\-‘Y”+‘.‘._T7')-

chw= AUV 0D 4 (- By, +Da B aen

L9



under the assumptions: Th T = T(t) only

AT = O
A= & (T)
P =P (x).H(t)
z z
v Dia anlled +ha noauds —tamnavraturae dafinad hy
ﬂoa LS LaLLITU LT HDCUUU bculpc;a vuLr <, UTA LIUTUJU wy
T
D(oe' ( d\(TWdT' N
To where To = reference temperature.

We now focus our attention on the linear integral operator D:

b ¢ p)
V. i
D-‘-a—h. j Ge (£-t';T) v { i dt.
-l
For thermorheologically simple materials it is possible to introduce a

transformation such that D(t,T) = D($ ), where

¢
L) = S ¢ [Ty at' .
]

qb (T) is called the shift function and must be adduced experimentally

for a given material. Thus the operator D can be transformed to

s -=G—L.’h-._f6c(§-§')§g«{  4¢',

and we denote all functions in which t is replaced by ; by

A
'ﬁ(%)‘ ﬁ‘_“:‘%(i)] 9 where § is called the reduced time.



" The solution of (167) can be separated_into two parts:

(168)

B(x,g)= B (x,8) + W, ()

This leads to the equations
4D (1% 2) & Dy =2 (1-92) up 6D
q) & vMe : ° ? : (169)
and :
. . A ~Z Ty A -
t*.®D a’uxxxx + 2‘-Dv-l(‘_yg]tzawb""*.qbu veR)% @ (170)
A A '
After applying the Laplace transform with respect to the reduced time
A g ' f
* _ A -p
W T(x, p) = g wx,g)e" " dg |,
o-
(169) reads
pD¥ ¥ = YT & pD* B
= - °
al-ve+E2) (171)
and has the solution
T
W= __\%_ Ao 6
LU-Vte T (172)

which represents the solution for uniform heating. Applying the Laplace

transform to (170)
»* *
a.3t7-P D &‘J.*Jxxu +&LPD v- 3 (\-'V"')chogful*)xx +

* 2 B
+ L{pD*(\-‘sz«T%) L0 X*=pPa P: ‘tz‘kap*za"" > (173)
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and subsequently the Fourier transform,

10.31.7.PD*5“ ralpD*y —20-vd)ttast +Hp DX (v EL W -

A wx (174)
= (pD*a-z?a3*s3y) B ,

gives an algebraic equation for the deflection. With the transform of the

ringload
P= P HWSW , RS- EP— ,
(174) can be solved for the deflection:
. SD¥
ar (a2 - B2 & e
a? P, pP¥a st + 2 pD'v- 2 (1-v)]a’%s? +pO* LI+ %2}: '

We now specialize the operator D to that of a standard solid (see Fig. 6):

(relaxation modulus of a standard solid)

where = viscosity
D¥*= %lr G (G, Ge K ’
@h' gqi+g, \ P+ @itGz /) _
" <= G1tG; - relaxation time .

Assuming

G
2=k Be=no ,%‘T-_—u" %= 2.6

z qoo ° \0O
(1786)
N e e =
«*t=s0 , V=0-3,
we find
) % O. 832
st 0.20 + = \
P PY T
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and after introduction of a dimensionless coordinate 'q = as, (175) becomes:

or Y- 8600 p+ 0.2 %
= - o - 177
2P, (.04 (n4-2.4+2+q101 +M4 —teamrratol o1 :
(Wl " ) P\—-P Wt -2.4 +arol ) T—]

The inverse transform was found in [23], pg. 299:

AR ©2- 20600 Wt 24A® +4iol -
35 =- - - — e.z-"—(o.z"'—
° Loy (M -2.8+2 +4100)  (m4-16.94> +4100)  o-2 T T
(178)
1 Mt-16.an? 4+ %01 4o \6.G- 2
M4 - 3. " + qio\ MY ~aa .“1 +510\ *
Observing that @1 is an even function in N] it is seen that
A A,
w, _ 2 S ( w > > X d
- -~ - ————— coy O ]
a Po sm J 3P, (" =) M (179)
Expanding the exponential function
Ho_vG.ant
exp (- M w- +4l\0l 0.7—’% (180)
MU -2A T A0\ )

in a power series and comparing the integrals which result from substituting
(178) and the power series of (180) into (179), it is seen that in approxi-
mating (180) by exp(-0.2 ?/z ) only a term of order 10_3 as compared to one

is being neglected when.'g/tt 15. With this approximation (178) reduces to

& M- 2w oY
a3Po  1.04(m4-\6AyThqu01) ) - (181)
M%- 2600 -0.2%/,
1.OY (v)‘*_g_q.vl7-+°\\0|) -
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The inverse Fourier transform of (181) was found completely analogous to that
of the first example (165) and the intermediate steps are therefore omitted.

Thus we obtain the part of the deflection due to the ringload:

A ¥ 3 — ‘ |
S = By [ [ aeee (¢ o &) - ¢ 4 e )
-0Z g/t x __|7_— e —B“é ;
(1-e ),,e TILLTC-_!- \L“c J[:;%go m[g-é;,;——‘aﬁmué]_ o

~en(E il K] e e

The first part of (182) represents the long term solution, the second part the
instantaneous deflection. A time profile at the origin and a longitudinal

profile at € /T = 0.1 were computed. Using the assumptions (176) we find

y
V=377, Jag-g' =318 | \/:\VZ+ B! =(4.1l ,VaE-B" =13.71,

PR = 1392, £ =008 - 01173,

Table of the time profile (plot see Fig. 7):

S /c o |o0.1]|0.2|o0.5]|1.0][=2.0]5.0 |10 20 50 o0

/\\\l‘/azPo 9.29719.304 (9.311(9.3329.365]9.420}9.533 ]9.620 | 9.664 | 9.670 | 9.677

It is seen from Fig. 7 that the simplification of the result for i/%:>15 is

fully justified. Table of the longitudinal profile (plot see Fig. 8):

Q/azP 9.304 | 8.445 16.582 2.724 | -0.385




We can see from the time profile that the influence of the viscoelastic
core on the deflection is about 4%. It can be concluded therefore that the
influence of the viscoelasticity of the core can be neglected in the
computation of stresses and deformations of a sandwich structure. This is
only valid within the scope of the above assumptions for the geometric and
material properties. This statement is not valid for very weak cores as the
assumption of small deflections is void in this case. Furthermore, the result
would be expected to depend on the magnitude and time dependence of the

transverse relaxation modulus of the core, which in this case is assumed to be

infinite.
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Fig. 1. Cross-8ection of a Cylindrical Sandwich 3hell

¥

Fig. 2. Composite Shell Element

The elasticity sign convention is adopted. (Differs from
Timoshenko's and Girkmann's sign convention.)
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Fig. 6. Viscoelastic Core Behavier (Standard Selid)
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Fig. 3. Temperature Distribution on the Shell
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Spatisl distribution of temperature on
an elastic sandwich cylinder. The
material properties are independent of

—w—r ‘ temperature.

m —
0.25 \——o

0.20

B\

015
0.10 |-

0.05

0\ | ! :
0 0.5 1.0 1.5 X

Fig. 4. Longitudinal Profile of the Transverse Deflection
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Ring heating of an elastic sandwich cylinder.
The material properties are independent of
tempera ture.

| |

0.1

Fig. 5.

|
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a

Longitudinal Profile of the Transverse Deflection
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Uniform heating of a sandwich cylinder in
l addition to a ringload. The viscoelastic

A core has temperature dependent properties.
l
;;ﬂa Time prxofile of the deflection due to the
o ringload at the origin. :
9.75 -
9.68 S—
|
|
I
I
|
X=0
9.50 | o8
| A
I D - Ringload
I
l
I
|
I
9.25 ' 1 | | —
0 0.1 .0 1015 100 ¢

Fig., 7
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Uniform heating of a sandwich cylinder in
addition te a ringload. The visceelastic
core has temperature dependent properties.

Longitudinal prefile ef the transverse
deflection due te the ringlead at the
time €= 0.lT.

2“-—V2)p
Elhl ]
Ringload

ou
(1}

o
"

0.1

0.2

Fig. 8
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List of Symbols

radius of cylinder

heated length of cylinder

length of cylinder

surface couples

direction cosine at the boundary
variable in Laplace space
surface loads

contour coordinate

also: variable in Fourier space
time

displacement generally
displacement in x-direction
displacement in @-direction
displacement in z-direction
longitudinal coordinate

second plate coordinate

transverse coordinate



ij

material constants of orthotropic media

2 Gx h(‘_v“vi‘)
E'h'

2Goh (I-14'1%)
E—‘\I\‘

Young's modulus of the facings

transverse compression modulus of core

Eeh (1-9'V,Y)
E_‘lﬂ‘

»'z 3"

also: elastic moduli of standard solid

shear modulus of the facings

transverse shear modulus in the core

2Zm; (1=9'v,) /E'W"

Zpi (L=v'v) v

part of the surface where the stresses are prescribed

temperature

T'+T
T'-T"
traction at the boundary
reference temperature
strain energy

volume

external work
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Aij

coefficient of linear temperature expansion

also: angle of opening of the cylinder

pseudo temperature

ratio of the extensional stiffnesses of the facings
ratio of shear stiffness to extensional stiffness
Kronecker symbol

strain tensor

dimensionless variable in the Fourier space

also: viscosity of dashpot

circumferential coordinate

third term in the expansion for w

ratio of heated length to radius of cylinder
Lagrange multipliers

Poisson's ratio

reduced time

ratio of core thickness to radius

also: relaxation time of standard solid

second term in the expansion for u

also: shift function for a thermorheologically simple material
second term in the expansion for v

second term in the expansion for w

indicates that displacement depends on all 3 coordinates

also: indicates that stress resultant is expressed in terms of

displacements

6k

the



o upper facing
also: indicates integration variable when with time or temperature
‘e lower facing
*,,. refers to Laplace space or Fourier space
. indicates that a function is expressed in reduced time
— e indicates a prescribed function

eee indicates sum of 2 ratios

1
also: quantity in x-direction
2 indicates difference of 2 ratios
also: quantity in ©-direction
m
. mean value
(1) . .
. mean quantity of i-th order
¢ 7 core
o "’ ring quantity (load or temperature)

Some of the foregoing symbols are used in a different meaning for the
two examples. Since they are clearly defined and only temporarily introduced

the reader will not encounter any ambiguities.
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